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Tomography as a mathematical problem
Medical imagery, i.e., the ability to investigate interior parts of a body without performing surgery, has pro-
vided a breakthrough in medical diagnostics, starting with the advent of the first X-ray images more than 100
years ago. In the last few decades, this has been complemented by tomography in different variants which
allows more detailed medical imagery of the tissues without exposing the patient to potentially harmful radi-
ation. Nowadays tomography can be seen as omnipresent in hospitals and has developed into one of the most
powerful diagnostics tools. From a mathematical point of view, reconstructing properties of the tissue from
measurements performed outside the body is called an inverse problem.

Inverse scattering problems
As an example of an inverse problem we will look at physics and in what is called an inverse scattering prob-
lem. They are based on the following simple construction. Imagine we would like to study an object. The
object is far away, however we can throw particles at it and then see what happens with them. If we know
the properties of the object, called target T , and the physical properties of the beam of particles B, we can
compute the resulting trajectories of the scattered particles S. Finding S knowing B and F is called a direct
scattering problem. If we want to study an unknown object, however we have to be able to find its properties
T from the information about the test particles B and the resulting scattering picture S. This problem can
be solved in many situations and is surprisingly omnipresent. The first X-ray scanners are a rather simple
case - all particles (X-ray photons) that hit hard tissue like bone are absorbed, all others pass through, thus
the familiar image of a shade of a skeleton on the X-ray image. The first major success of inverse scattering
problems was in 1906 when Rutherford and his colleagues send a beam of α particles (Helium ions He++)
towards a target of thin gold foil. Some particles bounced back, which made Rutherford deduce that the ”plum
pudding” model of the atom was not correct and he proposed a model of an atom consisting of a dense nucleus
surrounded by orbiting electrons.
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Figure 1: A scattering problem. A beam of particles with
known characteristics B is sent towards a target T . As a
result of the interaction between the particles and the tar-
get the particles are scattered and provide scattering data S.
Here the scattering data would be the particle density as a
function of the scattering angle). A direct scattering prob-
lem is to find S knowing B and T . An inverse scattering
problem is to find T knowing B and S.

Figure 2: The Geiger - Marsden experiment, directed by
Rutherford. Counter-clockwise from top left: the Thomp-
son “plum pudding” model: atoms consist of positively
charged ”pudding” and electrons are particles (plums)
spread in it; Bottom left: the result expected from the
experiment; Bottom right: the actual result from the
experiment, notice the backscattering; Top right: the
Rutherford model consistent with the experiment. Source:
Wikipedia/GeigerMarsden experiment

Computed tomography
Modern tomography employs many different methods, however we will discuss two: Computed Tomography
(CT) and Nuclear Magnetic Resonance (NMR) tomography. From a physical perspective CT is not much
different from X-ray tomography, however it employs moving source/sensor system, thus taking an X-ray
picture from several points of view. The images are processed by a computer, which generates a 3 dimen-
sional image that a radiologist or a doctor can use for diagnostics. MRI imaging forms a strong magnetic field
around the area to be imaged. Hydrogen nuclei, that are in tissues create a signal that is processed to form
an image of the body. First, energy from an oscillating magnetic field is temporarily applied to the patient
at the appropriate resonance frequency. The excited hydrogen atoms emit a radio frequency signal, which
is measured by a receiving coil. The radio signal may be made to encode position information by varying
the main magnetic field using gradient coils. MRI scanners are large, complicated and expensive to maintain
a the strong magnetic field is generated by a superconducting magnets that are expensive to make and maintain.

Figure 3: Left: Modern CT scanner Center: its internal structure: T is the source of X-rays, D are detectors. The entire ring part
rotates a few times a second. Right: a computer 3D model of the thorax, constructed from stitching 2D sections together. Colours
are artificial. Source: Siltanen & Mueler, ”Lienar and Nonlinear problems with practical applications” and wikipedia/CT scan

Mathematically inverse problems and the solution methods for them are called well posed if all three of the
following Hadamard conditions are fulfilled.
•H1 Existence There should be at least one solution.
•H2 Uniqueness There should be at most one solution.
•H3 Stability The solution must depend continuously on data.

In a less mathematical languageH1 means that for a given scattering data S there exists a target T , the second
that said T is only one, and H3 guarantees that if two experimental results for the scattering data S1 and S2
differ only a tiny bit then the respective T1 and T2 also differ a tiny bit.
Both CT and NMR are not well posed problems, which means one of H1 −H3 is broken. However, they are
linear problems. This means that they can written as

S = AT + n

where n is noise andA is a linear operator, that isA(a+ b) = A(a) +A(b). Because of the rich mathematical
theory of linear operators, such problems and their solution methods can be regularised, that is converted into
well posed problems.

Electrical Impedance Tomography

Electrical Impedance Tomography uses the response current of the body to reconstruct a picture of the internal
organs. The response to direct currents is called conductivity, the response to alternating currents is called
permittivity, together they are called impedance. In practice, an array of electrodes is attached to the body and
current is injected in various spatial patterns. This current pattern is equivalent to the beam in the scattering
problem. The voltage distribution is then read off and this is equivalent to the scattering data S. A typical
example is a (planar) chest scan. Electrodes are put around the chest of the patient and currents are injected in
different patterns and the resulting voltage patterns are measured. It can be robustly proven that if we know the
voltage response to sufficiently many current patterns (called the current to voltage map) we can reconstruct
the internal conductivity of the body. As different body tissues have different conductivity and permittivity
this allows a contrast picture.

Figure 4: Left: Schematic of an electrode array applied to the thorax. On the right a current-voltage pattern superimposed on a CT
scan. The input data B consists of the current going through the positive electrode on the top left, its position and the position of the
negative electrode on the right (the current through it is the same by the Kirchoff’s law). The scattering data S is the voltage on the
boundary - here represented by the ends of the purple lines. In order to obtain a current-to-voltage map this measurement has to be
repeated for all pairs of electrodes. Source: wikipedia/Electric Impedance Tomography

EIT is a subject of active research from a mathematical, physical and engineering direction, including here
in uB. It is seen as a niche technology that can replace other methods and offer portability, much lower cost,
safety and lack of radiation exposure. A typical case is the detection of pulmonary embolism.

Figure 5: Left: Healthy Patient where
the perfusion with blood (red) and ven-
tilation with air match. Right: The red
and the blue areas do not match and the
embolism is evident. Source: . Rieraa
et al, Medicina Intensiva 2011

Pulmonary emboli are blood clots in the lungs: Com-
mon, often serious, complication of surgery. Present
the diagnosis method:

• Inhalation of radioactive gas in order to determine
the ventilated lung region.

• Injection of a radio-opaque dye or a dissolved ra-
dioactive substance into a vein to make an image of
the blood circulation.

• Compare the image of the circulation with the image
of the ventilated region

•Areas that are ventilated but not perfused by blood
indicate the presence of emboli.

In contrast, finding the internal electric conductivity
and permittivity with EIT is effective, as electrical
properties are very different for air, tissue, and blood
and they vary on different time scales. Thus a time-
varying map of the electrical properties shows lung
regions that are ventilated but not perfused by blood.
This can be achieved without moving the patient and
exposing them to radiation.

Other promising uses of EIT include head scans to differentiate strokes and detect breast cancer. Strokes are
two types: ischemic, due to lack of blood flow (usually a because clot), and hemorrhagic, due to bleeding.
As a EIT head scanner can be carried in an ambulance this can provide on-site diagnostics and significantly
increase survival and recovery prognosis. Cancerous breast tissue has very different electric properties com-
pared to normal tissue, however they are difficult to differentiate on a CT scan. AN EIT device can be used
for early diagnostics and prevention.

Mathematically EIT is a ill-posed, nonlinear problem. This makes it both much more difficult to regu-
larise and considerably more computationally difficult. All this makes it an interesting research topic and its
application possible only in the future.
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